Abstract. -In the present work, we investigate the quantum thermal entanglement in molecular magnets composed of dimers of spin S, using an Entanglement Witness built from measurements of magnetic susceptibility. An entanglement temperature, Te, is then obtained for some values of spin S. From this, it is shown that Te is proportional to the intradimer exchange interaction J and that entanglement appears only for antiferromagnetic coupling. The results are compared to experiments carried on three isostructural materials: KNaMSi4O10 (M=Mn, Fe or Cu).
Introduction. -For about a decade it has been realized that quantum entanglement is a valuable resource for quantum information processing, since it allows forms of communication that are classically impossible [1, 2] . However, until recently it was believed that the phenomenon could not exist beyond atomic scale, due to the interaction between the system and the environment. Such interaction would lead to decoherence of the quantum state, destroying entanglement.
However, some theoretical works raised the possibility that solid state systems could also exhibit quantum entanglement at finite temperatures [3, 4] . This "thermal entanglement" might be experimentally detected with the help of some observables, or "witnesses", that are related to thermodynamical quantities, which could be directly measured [5] [6] [7] [8] [9] [10] . An Entanglement Witnesses (EW), by definition, has a negative expectation value for certain types of entangled states [11] [12] [13] [14] . The demonstration that quantum entanglement can influence the behavior of thermodynamical properties of solids, such as magnetic susceptibility [8] [9] [10] [15] [16] [17] [18] , shows that quantum effects can be related to important macroscopic quantities. These features have established that the study of entanglement in solid state systems [19] based on the observation of such EWs are helpful tools to quantum information and quantum computation, since many proposals of quantum chips are solid state based [20] [21] [22] [23] [24] [25] .
The class of materials known as molecular magnets [26] are among those which can exhibit thermal entanglement. In this class of materials, the intermolecular magnetic interactions are extremely weak compared to those within individual molecules. Thus a bulk sample, comprised by a set of non-interacting molecular clusters, is completely described in terms of independent clusters. The small number of coupled spins is very convenient from the point of view of the theoretical description, which can be made through analytical functions on a low dimensional Hilbert space. From a physical point of view, a molecular magnet can combine classical properties found in a macroscopic magnet [26] and quantum properties, such as quantum interference [27] and entanglement [5] [6] [7] [8] [9] . Recently, molecular magnets have been pointed out as good systems to be used in high-density information memories and also, due to their long coherence times [28] , in quantum computing devices [20] [21] [22] [23] [24] [25] .
In this work, we investigate the quantum entanglement of molecular magnetic materials with S−spin dimers, that can be theoretically modeled by a Heisenberg-Dirac-Van Vleck (HDVV) Hamiltonian. The magnetic susceptibility of these systems can be directly related to an EW. Based on this model, we have obtained, for different spin values, the temperature below which the quantum entanglement exists, or the temperature of entanglement (T e ). The results are experimentally verified using the magnetic susceptibility data, from a previous work (see Ref. [29] for details), obtained for three isostructural materials: the first composed of antiferromagnetic Cu−dimers (S = 1/2), the second composed of ferromagnetic Fe−dimers (S = 2), and the third composed of antiferromagnetic Mn−dimers (S = 5/2).
Magnetic susceptibility of S−spin dimers. -The magnetism of two interacting S−spins, or dimers, has been described quantitatively in the literature by the HDVV Hamiltonian [30] :
where J is the exchange interaction, S A and S B are the spins of each ion of the dimeric unit, g is the Landé factor, µ B is the Bohr magneton and B is an external magnetic field. When the system is in thermal equilibrium, its thermal state is described by the density operator ρ = e −β H /Z, in which Z = tr(e −β H ) is the partition function, β = 1/k B T and k B is the Boltzmann constant. With this operator, one can calculate, among other thermodynamical quantities, the magnetic susceptibility, in which, for S A = S B and B → 0, holds as [30] :
where, for S = 5/2 1 + 3 e x + 5 e 3 x + 7 e 6 x + 9 e 10 x + 11 e 15 x , (3) x = J/k B T and N is the number of dimers. The expression above describes the susceptibility of spin dimers with S A = S B = 5/2. For any S A = S B value, ranging from 1/2 up to 5/2, minor changes must be done in the equation above. For S A = S B = 5/2 − 1/2 = 2, one should suppress the last term of the numerator and of the denominator. For S A = S B = 2 − 1/2 = 3/2, one should suppress again the other last terms, and so on, until S A = S B = 1/2, that is:
Magnetic susceptibility as an Entanglement Witness. -Recent works have proposed the magnetic susceptibility as a thermodynamical EW [7-9, 16, 18] . For a system in which the Hamiltonian commutes with the z spin component, [H, S z ] = 0, the average magnetic susceptibility of N S−spins in a complete separable state, χ(T ), measured along the three orthogonal axis, satisfies the relation [16, 31] :
The EW is given by [16] :
Systems presenting EW (N ) < 0 are in an entangled state. Such an EW has been used in recent works to detect entanglement in molecular magnets [5] [6] [7] [8] . In Ref. [6] , the magnetic susceptibility is compared to a correlation function (see figure 1 of Ref. [6] ) measured by neutron diffraction. The correlation function shows entanglement in the same range of temperature as the magnetic susceptibility, supporting the use of the magnetic susceptibility as an entanglement witness. From Eq. (6), together with Eq. (2), one can identify the maximum temperature below which there is entanglement between the spins of the dimers, for different spin values. This temperature can be obtained from the inequality shown on Eq. (7), i.e., dimers with S−spin are in an entangled state if the inequality below is satisfied:
Considering that x e = J/k B T e and Eq.(3), one can obtain the temperature of entanglement. For example, for S = 1/2:
and then
Following this method, it is straightforward to obtain the temperature of entanglement for the different spins. The temperatures of entanglement and the respective ground states are summarized in Table 1 for spins ranging from 1/2 to 5/2. In the limit T → 0, the Entanglement Witeness tends to −1, as shown in Fig. 1 . This happens because the ground states, shown in Table 1 , violate maximally the entanglement condition in Eq.(6). A similar calculation for entanglement temperature can be found in Ref. [32] , but for other spin−1/2 systems.
This result shows that the temperature below which the entanglement emerges, or the temperature of entanglement, is directly connected to the exchange interaction between the S−spins of the dimer. Furthermore, as the exchange interaction J is strictly connected to the structure of the material, one can affirm that entanglement can be "engineered" by adjusting this quantity. In Fig. 1 Experimental verification of the temperatures of entanglement. -In order to experimentally verify our theoretical prediction for the temperature of entanglement, we have used the data obtained from the magnetic susceptibility measurements of three isostructural transition metal silicates with formula KNaMSi 4 O 10 (M = Mn, Fe or Cu) [29] . For Copper (S = 1/2) and Manganese (S = 5/2) the interaction within the dimers is antiferromagnetic and for Iron (S = 2) a ferromagnetic interaction holds [29] . These materials cover our theoretical results, since they are dimers with different S values, different J amplitudes and signals.
In Fig. 2 it is shown the experimental determination of the EW for the three compounds. As predicted in Table  2 , only for antiferromagnetic interacting systems the entanglement appears and the estimative of the temperature of entanglement T e agrees with those obtained experimentally.
Conclusions. -In summary, we have shown a method to estimate the temperature of entanglement in low dimensional magnetic materials composed of S−spin dimers, for different spin values. We have found that T e ∝ J and, therefore, the stronger the exchange interaction the higher the entanglement temperature. The results were experimentally verified using the magnetic susceptibility data from Ref. [29] obtained for three isostructural materials, KNaMSi 4 O 10 (M=Mn, Fe or Cu). The experiments reported in Ref. [29] intended only to characterize the basic magnetic properties of these materials. From The red solid symbol shows that EW = −1 for all the ground states in Table 1 . On the other hand, the ferromagnetic dimers never goes below zero.
these data and the entanglement witness given in Eq.(6), the existence of entangled states was determined, which proves that the theoretical model is good agreement with the experimental results. These results also allow affirming that this EW can only detect entanglement in antiferp-3 Table 2 ).
romagnetic interacting dimers. This happens because the ground state of ferromagnetic interacting dimer is a mixture of entangled and non-entangled states and this EW cannot distinguish them. On the other hand, the ground state of an antiferromagnetic interacting dimer is an entangled state. The theoretical prediction was experimentally verified using three isostructural materials, which can be theoretically modeled by a HDVV Hamiltonian. As one possible direction for further studies, we suggest the investigation of entanglement upon the increasing of the spin values. It is important to mention that systems containing relatively large spins can accurately be treated as classical Heisenberg spin systems [33] . The study of classical and quantum spin clusters state and dynamics [34] [35] [36] can be very interesting for the architecture of novel materials for quantum information processing. Besides, these studies allow the investigation of the role of the temperature in a crossover between the quantum and classical descriptions of magnetic systems. * * *
